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 Background: The subject of Integral equations is one of the most useful mathematical tools in both pure and applied 

mathematics. It has enormous applications in many physical problems. Integral transforms are important to solve real problems.  

 

Method and material: We conducted this research paper by observing the different types of reviews, as well as conducting and 

evaluating literature review papers. 

 

Result: A new general integral transform that covers all classes of integral transforms in the class of Laplace transforms. We 

investigated the application of this new transformation to solving ODEs with constant and variable coefficients. 

 

Conclusions: In this paper, we have discussed the classifications of integral equations such as Fredholm Integral Equation, 

Volterra Integral Equation and many others along with the kinds of particular equation. 

 

KEYWORDS: Integral Equation, Classification, Kernels, Relation of Differential Integral Equations etc 

INTRODUCTION 

The subject of Integral equations is one of the most 

useful mathematical tools in both pure and applied 

mathematics. It has enormous applications in many 

physical problems. Many initial and boundary value 

problems associated with ODE (ordinary differential 

equations) and PDE (partial differential equations) can 

be transformed into problems of solving some 

approximate integral equations. Integral equations were 

first encountered in the theory of Fourier Integral. In 

1826, another integral equation was obtained by Abel. 

Actual development of the theory of integral equations 

began with the works of the Italian Mathematician 

V.Volterra (1896) and the Swedish Mathematician 

I.Fredholm (1900). 

Integral equation  

An integral equation is an equation in which the 

unknown function µ (ϰ) to be determined appears 

under the integral sign. A typical form of an integral 

equation in µ (ϰ) () is of the form 

g s = f s +  k s, t  g t dt
β(s)

α(s)
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Where  

k (ϰ, t) is called the kernel of the integral equation and α 

(ϰ) and β (ϰ) are the limit of integration. 

Classification of Linear Integral Equations  

The most frequently used linear integral equations fall 

under two main classes namely Fredholm and Volterra 

integral equations. However, in this text we will 

distinguish four more related types of linear integral 

equations in addition to the two main classes. In the 

following is the list of the Fredholm and Volterra 

integral equations, and the four more related types:  

1. Fredholm Integral Equations  

2. Volterra Integral Equations  

3. Integro-differential Equations  

4. Singular Integral Equations  

5. Volterra-Fredholm Integral Equations  

6. Volterra-FredholmIntegro-differential 

Equations 

Fredholm Linear Integral Equation  

The standard form of Fredholm linear integral 

equations, where the limits of integration  and are 

constants, are given by the form 

𝜙(𝑠)g s = f s + 𝜆  k s, t  g t dt
b

a
        a ≤ s, t ≤ b 

Where the kernel of the integral equation k (ϰ, t) and the 

function f s  are given in advance, and  𝜆 is a parameter. 

The equation is called linear because the unknown 

function g s  under the integral sign occurs linearly, i.e. 

the power of g s is one. 

The value of 𝜙 𝑥 will give the following kinds of 

Fredholm linear integral equation 

1. When 𝜙 𝑥 = 0, equation  

f s + 𝜆 k s, t  g t dt
b

a

 

2. When & 𝜙 𝑠 = 1, equation  

g s + 𝜆 k s, t  g t dt
b

a

 

 

Volterra Linear Integral Equation  

The standard form of Volterra linear integral equations, 

where the limits of integration are functions of rather 

than constants are of the form 

𝜙(𝑠)g s = f s + 𝜆 k s, t  g t dt
s

a

 

Where the unknown function  g s  under the integral 

sign occurs linearly as stated before. It is worth noting 

that can be viewed as a special case of the Fredholm 

integral equation when the kernel k (ϰ, t) vanishes for 

t>s,s,  is in the range of integration ,[a,b] . As in 

Fredholm equations, Volterra integral equations fall 

under two kinds, 

 

1. When 𝜙 𝑥 = 0, equation  

f s + 𝜆 k s, t  g t dt
s

a

 

2. When & 𝜙 𝑠 = 1, equation  

f s + 𝜆 k s, t  g t dt
s

a

 

REMARKS  

1. The structure of Fredholm and Volterra equations: 

The unknown function g s   appears linearly only under 

the integral sign in linear Fredholm and Volterra 

integral equations of the First Kind. However, the 

unknown function 𝑔 s appears linearly inside as well as 

outside the integral sign in second kind of both linear 

Fredholm and Volterra integral equations.  

2. The Limits of Integration: In Fredholm integral 

equations, the integral is taken over a finite interval with 

fixed limits of integration. However, in Volterra integral 

equation, at least one limit of the range of integration is 

a variable, and the upper limit is the most commonly 

used with a variable limit.  

3. The Linearity property: As indicated earlier, the 

unknown function 𝑔 s   in linear Fredholm and Volterra 

integral equations (1.10) and (1.13) occurs to the first 

power wherever it exists. However, nonlinear Fredholm 

and Volterra integral equations arise if 𝑔 s  is replaced 

by a nonlinear function - F ( 𝑔 s ), such as  𝑔2 s , 𝑒𝑔 s   

and so on. 

4. The Homogeneity property: On setting 𝑓 s  = 0 in 

Fredholm or Volterra integral equation of the second 

kind given), the resulting equation is called a 

homogeneous integral equation, otherwise it is called 

nonhomogeneous integral equation. 

Integro-Differential Equations  

In this type of equations, the unknown function 𝑔 s  

occurs in one side as an ordinary derivative, and 

appears on the other side under the integral sign. 

Further, we point out that an Integro-differential 

equation can be easily observed as an intermediate stage 

when we convert a differential equation to an integral 

equation  

The following are examples of Integro-differential 

equations: 
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1. 𝑔"(s) = −𝑠 +   s − t  𝑔 t dt
s

0
,   g (0) = 0, g’ (0) 

2. 𝑔"(s) = sin⁡ 𝑠 +   s − t  𝑔 t dt
s

0
,   g (0) = 1 

3. 𝑔"(s) = 1 −
1

3
𝑠 +  st  𝑔 t dt

1

0
,   g (0) = 1 

Singular Integral Equations  

The integral equation of first kind 

𝑓 s +  k s, t  g t dt
β(s)

α(s)

 

Or the integral equation of second kind 

g s = f  s +  k s, t  g t dt
β(s)

α(s)
 

Is called singular if the lower limit, the upper limit or 

both limits of integration are infinite. In addition, the 

equation is also called singular integral equation if the 

kernel  

k s, t  becomes infinite at one or more points in the 

domain of integration. 

Volterra-Fredholm integral equations  

The Volterra-Fredholm integral equation, which is a 

combination of disjoint Volterra and Fredholm integrals, 

appears in one integral equation. The 

Volterra-Fredholm integral equations arise from the 

modeling of the spatiotemporal development of an 

epidemic, from boundary value problems and from 

many physical and chemical applications. The standard 

form of the Volterra-Fredholm integral equation reads 

g s = f s + 𝜆  k1 s, t  g t dt
s

0
 +  k2 s, t  g t dt

b

a
 

Where k1 s, t  and k2 s, t are the kernels of the 

equation. 

Volterra-FredholmIntegro Differential Equations  

The Volterra-Fredholm Differential Equation, which is a 

combination of disjoint Volterra and Fredholm integrals 

and Differential operator, may appear in one integral 

equation. The Volterra-FradholmIntegro-Differential 

equations arise from many physical and chemical 

applications similar to the Volterra-Fredholm equations. 

The standard form of 

Volterra-FradholmIntegro-Differential equation reads   

gn s = f s +  k1 s, t  g t dt
s

0
 +  k2 s, t  g t dt

b

a
 

Where  k1 s, t   and k2 s, t  are the kernels of the 

equation, and n is the order of the ordinary derivative 

of  g s . Notice that because this kind of equations 

contains ordinary derivatives, then initial conditions 

should be prescribed depending on the order of the 

derivative involved. 

Relations between differential and integral equations  

To convert the Differential Equations to Integral 

equations, the following results are necessary:  

Leibnitz Rule of Differentiating Under the Integral Sign  

If F(x,t) and 
ǝ𝐹(𝑥 ,𝑡)

ǝ𝑥
(, ) are continuous functions of x and t 

in the domain  α ≤ ϰ ≤ , β ≤  t0 ≤  t ≤ t1, 

𝑑

𝑑𝑥
 𝑓  x, t dt

b(x)

a(x)

 

=  
ǝ𝐹(𝑥 ,𝑡)

ǝ𝑥
dt

b(x)

a(x)
+

𝑑𝑏  𝑥 

𝑑𝑥
 𝑓(𝑥, 𝑏 𝑥 ) 

−
𝑑𝑎 𝑥 

𝑑𝑥
 𝑓(𝑥, 𝑎 𝑥 ) 

Provided the limits of integration 𝑎 𝑥  and 𝑏 𝑥  are 

defined functions having continuous derivatives for 𝑎 ≤ 

𝑥 ≤ β. This rule may be used to convert integral 

equations to equivalent ordinary differential equations. 

In particular, we have 

(i) For Volterra Integral Equation: 

𝑑

𝑑𝑥
[ 𝑘  x, t  μ  t 𝑑𝑡 =

x

a

  
ǝ𝑘

ǝ𝑥
 u t 𝑑𝑡 + 𝑘 𝑥, 𝑥 𝑢(𝑥)

x

a

 

(ii) For Fredholm Integral Equation: 

𝑑

𝑑𝑥
[ 𝑘  x, t  μ  t 𝑑𝑡 =

x

a

  
ǝ𝑘

ǝ𝑥
 u t 𝑑𝑡

x

a

 

Here μ  t  is independent of x and hence on taking 

partial derivatives with respect to x, μ  t  is treated as 

constant.  

Cauchy’s Formula for Repeated Integration  

Let be a continuous function on real line. Then, 

the - 0Qrepeated integral of based at is given by single 

integration: 

    f
Xn−1

a

 x1       ……..

 a 

 Xn dxn … . . dx2dx1 
(x)

(a)

=
1

 𝑛 − 1 
  𝑥 − 𝑡 𝑛−1 

𝑥

𝑎

𝑓 𝑡 𝑑𝑡 

Converting BVP to Fredholm Integral Equations  

The method is similar to that discussed in previous 

section with some exceptions that are related to the 

boundary conditions. We demonstrate this method with 

an illustration. 

Example1. Find the integral equation corresponding to 

the boundary value problem (BVP). 

y"(x) +  λy(x) = 0, y(0) = 0 y(1) = 0 

Kernels 

Types of Kernels The following special cases of the 

kernel of an integral equation are of main interest:-  

 Symmetric Kernel  

 Separable Kernel  

 Resolvent Kernel  

 Iterated Kernels 
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Symmetric Kernel 

 A Kernel k s, t is symmetric (or complex symmetric or 

Hermitian) if  

k s, t = k ∗  t, s  

Where the asterisk denotes the complex conjugate. For a 

real kernel, this coincides with definition  

k s, t = k t, s  

 

Separable or Degenerate Kernel  

A kernel k s, t is called separable or degenerate if it can 

be expressed as the sum of a finite number of terms, 

each of which is the product of a function of only and a 

function of only, that is  

k s, t =  𝑎𝑖 𝑠 𝑏𝑖(𝑠)

𝑛

𝑖=1

 

Remark. 

The functions 𝑎𝑖 𝑠  can be assumed to be linearly 

independent, otherwise the number of terms in relation 

can be reduced (by linear independence it is meant that, 

if c1a1+ c2a2+……..+ cnan= 0. where ci are arbitrary 

constants, then c1 = c2 = ⋯ = cn = 0). 

Resolvent Kernel  

Suppose solution of integral equations  

𝑦 x + f x + λ  k x, t  y t dt
b

a

 

𝑦 x + f x + λ  k x, t  y t dt
x

a

 

𝑦 x + f x + λ R(x, t; λ)y t dt
b

a

 

𝑦 x + f x + λ  T(x, t; λ)y t dt
b

a

 

Then R(x, t; λ)or T(x, t; λ)is called the Resolvent kernel 

or reciprocal kernel of the given integral equation.  

 Iterated Kernels  

Consider Fredholm integral equation of the second kind 

𝑦 x + f x + λ  k x, t  y t dt
b

a

 

Then, the iterated kernels:572 kn x, t n, - = 1,2,3, ⋯ are 

defined as follows 

572k1 x, t  = k x, t  

kn x, t =   k x, z  kn − 1 x, t dt   n = 2,3 … .
b

a

 

Method and material: We conducted this research 

paper by observing the different types of reviews, as 

well as conducting and evaluating literature review 

papers. 

 

RESULT 

A new general integral transform that covers all classes 

of integral transforms in the class of Laplace transforms. 

We investigated the application of this new 

transformation to solving ODEs with constant and 

variable coefficients. And the fractional order can easily 

handle for differential equations. We have discussed the 

advantages and disadvantages of other integral 

transforms defined during the last 2 decades. We 

proved the related theorems for this new 

transformation. 

 

FUTURE ASPECT & CONCLUSION: 

In this paper, we have discussed the classifications of 

integral equations such as Fredholm Integral Equation, 

Volterra Integral Equation and many others along with 

the kinds of particular equation. After that we studied 

the relation between Integral equation and Differential 

equation with the conversion of Initial Value Problem 

into Volterra Integral Equation and Boundary Value 

Problem into Fredholm Integral Equation. We also 

discussed the types of kernels in integral equations 

which plays an important role in finding the solution of 

the given systems. 
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